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Strengthening of the Triplet Relationship: a New Probabilistic Approach in P1

By C.Glacovazzo
Istituto di Mineralogia e Petrografia, Universita degli Studi, Bari, Italy

(Received 19 January 1976; accepted 22 April 1976)

A new probabilistic approach is described which can improve the reliability of the triplet relation-
ships. The terms |Ex|,|Ew, +kl,|En; +n,+x| are tested in order to give the probability of the sign of
Eu,Eq,Eu, +u, rather than the ‘exact’ value of the invariant, as made in preceding approaches, e.g.
B;,, formula [Karle & Hauptman, Acta Cryst. (1958), 11, 264-269] the modified triple product
[Hauptman, Acta Cryst. (1964), 17, 1421-1433; Hauptman, Fisher, Hancock & Norton, Acta Cryst.
(1969), B25, 811-814] and M-D-K-S formula [Hauptman, New Orleans Meet. Amer. Cryst. Assoc.,

2 March. (1970), Abstract B8].

1. Introduction

The most widely used direct method for solving crys-
tal structures is based on the use of the phase rela-
tionship

Sin (Pn+ ¢x— Pn+) =0 1

(1) leads to >, and tangent formulae (Karle & Haupt-
man, 1953, 1958) which are able to extend and refine
a number of plausible basis sets of phases. The process
is a ‘stepwise’ one: the procedures usually introduce a
number of ambiguities, assigning them initial numerical
values and proceeding with tangent refinement and ex-
tension. Completely wrong answers, nevertheless, may
result when one or more ‘bad’ triplets [i.e. triplets for
which (1) is violated] occur in the early stages of the
process. Four different ways are currently used for
overcoming this difficulty.

(1) Increase of the number of ambiguities in the basic
set of phases. Unfortunately the size of the starting
set is limited by the number of the phase combina-
tions it is practical to explore.

(2) Enlargement of the starting set by the introduc-
tion of a number of phases previously determined. In
order to achieve this, several additional formulae may
be used: we quote the >, formula (Karle & Hauptman,
1953), strengthened >, formulae (Giacovazzo, 1975a),
the coincidence methods (Grant, Howells & Rogers,
1957; Debaerdemaeker & Woolfson, 1972).

(3) The ‘magic integers’ approach (White & Woolf-
son, 1975; Declercq, Germain & Woolfson, 1975). The
method is not a ‘stepwise’ one and should not be too
sensitive to ‘bad’ triplets in the early stages of the
procedure.

(4) The quartet method (Schenk, 1974; Hauptman,
1975a, b; Green & Hauptman, 1976; Hauptman &
Green, 1976; Giacovazzo, 1975, 1976a, b, c). When
triplet and quartet relationships are used concurrently
in the procedures for the crystal structure solution, a
larger number of reliable relations are available, thus
decreasing the probability of using ‘bad’ relations in
the early stages of the process.

All the above mentioned methods may reduce the

influence of the ‘bad’ triplets but are not able to identify
them. It seems then that the procedures based on the
cosine invariant computation (Hauptman, Fisher,
Hancock & Norton, 1969; Hauptman, Fisher & Weeks,
1971) could play an important role in the process for
the solution of complex crystal structures. From a for-
mal point of view the method has the great advantage
of using all the structure factors in the phase genera-
tion: for example (Karle & Hauptman, 1957)

lEhlEthh;;l Ccos (¢h1 + ¢Pn, + ¢h3)
~(N32)2) ((Eul*—1) (|Enr ca = 1) (IE g al® = Dx
+ N V(| Ey P+ | En, P + 1 Eng* = 2) )

where h'=h, or h, and h; +h,+h;=0.

Relation (2) is formally able to give the exact value
of the invariant phase rather than equating it to zero
as is done in the tangent method. (2) however, is exact
only when the structure consists of N identical point
atoms and when no rational dependence of atomic
coordinates occurs. Its practical application therefore
requires some conditions whose nature deserves to be
discussed. Formally speaking, the measure of the
cosine invariant may be obtained just by allowing the
k vector to range uniformly throughout reciprocal
space. As all the computed averages are, of necessity,
only estimates of the true averages and are based on
the finite number of data available from the experi-
ment, the problem of the variance caused by the finite
sampling may constitute a severe restriction. A partial
answer to this problem was given by Hauptman,
Fisher, Hancock & Norton (1969) who proposed the
phase relation

IEhlEthh3| Cos ((ohl + ¢h2+ (0113)

~G{(|Exl'? = |EV?)) (|1 Eny +1l'?

—EM)) (|E_py+1l*=IEI"*)) )+ Ry,
where

o
R;= Zo‘_g—/i [%(lEhlEhzlz + |Eh2Eh3|2 + IEh3Eh1|2)+ IEhllz
+Ep,|* +1Enyl*— 31,

EP?y={|Eg|"*)x, and G is an empirical scale factor.
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The sampling problem nevertheless was still un-
solved. Its importance is the more relevant since the
computation of the cosine invariants is time consum-
ing even on very fast computers. Thus approximate
formulae are widely used which make various restric-
tions on the range of k (Karle, 1970; Hauptman,
Fisher & Weeks, 1971). The most recent is the
M (D-KS) formula (Hauptman, 1970; Fisher, Han-
cock & Hauptman, 1970):

COS (@n, + @n, + ¥n;) = M (D-KS) , (3)
where

Dy={(|E_p;+ul*=1) | |Ekl>tleh]+kl > 1w,
l=1,2,3; j=2,331 >

S 2:13 Sy

>0 m
i=1
Si=2<(|E—h,+k|2— 1) I [Ex] > thy s

t is an arbitrary number exceeding unity and K and
M are empirical parameters dependent on the distribu-
tion of the invariant cosines. Even if the M (D-KS)
formula improves the preceding ones, it is not able
to estimate the variance of the computed cosines: so
cosine values exceeding unity are unfortunately fre-
quent.

So far we have stressed just one aspect of the sam-
pling problem, that is ‘given the finite number of ex-
perimental available data, what is the reliability of the
calculated cosine invariant when we average over in-
dices of specific combinations of the structure fac-
tors?” An answer to this problem, of course, can only
be given by means of probabilistic methods. Now a
more interesting problem is whether the probability
methods are able to answer this more subtle question:
‘The expected value of cos (g, +¢n,+ @4,) is given by
(Hauptman, 1972)

1,(G)
{cos (pn, + On, + Pny)) = ﬁay s 4
where
G= 2|Eh,Eh2Eh3|/VN s
and the variance by
_ WG _
GI,(G)

1XG)
1¥G)
Q)

var [COS (whl + ¢h2 + wh;;)] =1

In what way does the value of the single triple (|£y|,
|Eny+xls |E_ny+xl) change the effective value of G as
given by the triplet relationship alone?
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If we are able to provide an answer to this question
the immediate consequence is the well grounded hope
of moderating in a simple way the disastrous influence
of the negative cosines during the phase determining
process. In fact the theory should permit us to use direct-
ly in the tangent formula a value of G which uses also
the information contained in all reciprocal space. This
new value of G may in principle even reverse the posi-
tivity required by the expected cosine value defined by
the triplet relationship. This probabilistic approach
should present further advantages in the multisolution
procedures. The more accurate value of G in fact should
allow a better choice of the starting set of reflexions
by the convergence method (Germain, Main & Woolf-
son, 1970) and should improve the accuracy of the final
phases obtained by refinement with the tangent for-
mula (Busetta & Comberton, 1974).

In conclusion, in accordance with our new proba-
bilistic point of view, all the information provided by
the cosine invariant computation method should yield
the expected value of the cosine invariant and its vari-
ance, rather than the ‘exact’ value of the cosine, whose
estimate is in practice unobtainable given the finite
number of experimentally available data. If (4) and
(5) remain formally valid in this probabilistic ap-
proach some consequences of the method may be:
(1) The expected values of the cosine invariant will al-
ways be allowed values, i.e. |[{cos Oy + Ony +Honl < 1.
The values of the variance will always be posmve the
confidence in the expected value of the cosine will be
derived from the experimental data and not defined
a priori (see Busetta & Comberton, 1974). (2) The
ability to calculate the expectation value of a cosine
invariant, whatever the number of combinations lEkl
|Eny+1l,|E_ns+x| may be, allows us to make various
restrictions on the range of k, thus saving computing
time. (3) The increased effectiveness of the tangent
procedure for the determination of initial phases should
reduce the computing time required to implement the
least-squares procedure suggested by Hauptman et al.
(1969) in the early stages of the phasing procedure. It
may be noted, moreover, that this new type of direct
approach to the phase problem opens new prospects
in the problem of enlarging the starting set. In fact
probabilistic considerations similar to those here de-
veloped for the cosine invariant cos (qo,.l +¢n, + ¥ny) are
applicable to other invariants and seminvariants whose
usefulness in the direct process for phase determina-
tion has been proved. Our unpublished results ob-
tained in this field are sufficient to encourage their use
in the procedures for the solution of large structures.

2. The mathematical preliminaries

The method to be described requires the derivation of
a variety of conditional probability distributions. If
we denote by P(E,,E,,...,E,) the joint probability
function of n normalized structure factors, its charac-
teristic function (Klug, 1958) may be expanded in a
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Gram-Charlier series:
Cluy,u, . . ., u)=exp [— 3@+ i+ ... +1d)]
X [1483/6372 + (8412 + SY213) + (Ss/t512 4 8,8, /1 72
+83/6t9H)+ .. 1, (6)

where u;,i=1,...,n are carrying variables associated
with E,, ¢ is the number of independent atoms in the
unit cell,

S,=t

and

Aescoow e e ,
e Y Y (i),
r+s+oL+rw=y PSS Wl

KI’S...W

rse,ow= PYICETI N VA

Kis...w are the cumulants of the distribution and m is
the order of the space group. To obtain the proba-
bility distribution P(E,, E,, .. .,E,), the formula

= S+°° ()" exp [~ 4] exp [ — iuxldu= Hy(x)p(x) |

finds frequent application. Here ¢(x) is the standard-
ized Gaussian function

9(x)=Qn) """ exp (—x%2),

and H,(x) is the Hermite polynomial of vth order de-
fined by the equation
H@D=(= 17 exp () L exp 31
W)= Pl7) qw e =41

3. The joint probability distribution P(Ey,,Ey,,
EH] +H29EK9EH1 +K’EH1 +Hz+K
We introduce the abbreviation
E, =EH1’ E,= EHza Ey =EH1 +Hy» E,=E,
Es =EH, +Ks E6=Enl +Hy+K »
In order to determine (6) we find

S,/191= Vlﬁ (it Gits) Gits) + (i) (i) (i)
+ (iuy) (ius) (itds) + (ius) (iug) (iug)] ,

Syft? =— EIJV [(u)* + () + . . . + (ug)]

+ oy L) (i) G i)

+ (i) (iuz) (iuy) (is)

+ (i) (ius) (ius) (iue)] ,
152 = 5y 0 )

+ (fuy) (i) (is) + (iny) (itay) (iuz)?
+ (iuy)*(iug) (ius) +cyclic terms

+ (iu,)*(ius) (iug) + cyclic terms

+ (iu3)*(iuy) (iug) +cyclic terms] .
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The form of the probability distribution function
P(E\,E,, ...,E) is shown in Appendix 4. From the
calculations there performed we obtain

Py (En EnyEn, +nu,) >4 +% tanh Guy,u, » @
where

1 A
GH],H2= VN IEHIEHZEH1+H2| (1 + _BT) ’
A=(EL—1) (Efy +x—1) (B smpsx—1)/N
and

B=1+[(Ex—1) (Ef+x— D +(EE-1) (Edy+mpex—1)
+(Efy+x—1) (E%l1+H2+K_1)+3]/N
_[H4(EI()+H4(EH1+K)+H4(EH1+H2+K)]/8N .

Formally speaking, (7) preserves the tangent formula-
tion provided by the Cochran-Woolfson relation

' |

P, ~}%+%tanh TN |Exyy Evty By 4myl 5 ®)

but seems able to improve (8) when one or more
triples (IE.(I,|EH1+K],]EH1+H2+K|) are known a priori.

In particular, knowledge of the moduli | Exl,
[Eny 4kl |Ew, +n, +x| affects the probability values pro-
vided by (8) for the triplet En, Ey,, Ey, +n, in terms
of the ratio A4/B. This ratio is of order I/ZNVN: $0,
when N is large enough, knowledge of only a single
triple (IEKI’]EH1+K|,lEH1+H2+KI) is not able to modify
significantly the probability values provided by the
Cochran-Woolfson formula. However, for fixed H,
and H, vectors, numerous triples K, H, + K.H,+H,+K
exist in general in the set of measured reflexions; it
seems useful then to study more general probability
distributions which are able to take into account a
larger number of contributors.

4. The joint probability distribution P(EHI,EHZ,EH1+H2,

EK]’EHI+K1’EH1+H2+K1’EK29EH1+K2’ Hj+Hy+Kpseee
The study of this distribution leads us once more to D,
but now

A~ (Ex—1) (Eh+x—1) (Efy+myex—D/IN,  (9)

K
B1+ > [(Ex—1) (Ely+x— 1) +(Ek—1)
K

X (E%!1+H2+K— 1)+(E%'ll+|(— 1)

+ (E%'l1+H2+K_ l)]/N

- z [H4(EK)+H4(EH1+I()+H4(EH1+H2+K)]/8N'

K
(10)

If the summations in (9) and (10) involve a sufficient
number of triples (Ex, Eny 45 Eny+m,+x) (7) may
strongly affect the positivity required by (8). Thus

triplets whose signs are defined to be negative by (7)
with high probability should be particularly useful in
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the procedures for phase solution retaining their char-
acter of negativity. In these cases

S(EHI o S(EHI)S(EHZ) .

From now on when we refer to (7) it will be under-
stood that 4 and B are defined by (9) and (10).

5. The estimation of A and B

From the algebraic form of (7) one should deduce
that triplets strongly defined to be positive are marked
by large positive values of 4 and small values of B.
Triplets strongly defined to be negative will arise from
large negative values of 4 and small values of B. On
the other hand large positive values of 4 and B
should not greatly affect the Cochran~Woolfson rela-
tion. -

If we write

B=1+0Q,

we observe that the function A/B presents a discon-
tinuity when Q= —1. This behaviour has no physical
meaning and is due to including in (7) only terms up
to 1/N32, In fact we have represented the probability
distributions as asymptotic Gram—Charlier series and
the actual values of probability we obtain will be cor-
rect to the degree of approximation we choose.

In order to understand the role played by each of
the summations in 4 and B it seems useful to derive,
given a triplet Ey , By, Ey, 4 n,, their expected values.
If the summations in (9) and (10) involve a large num-
ber of terms, their estimates will be related to the fol-
lowing mean values:

<(E12(_ 1) (E%{I-I-K— l) (Eill+H2+K_ 1))
~ —g EHIEH2EH1+H2

“PT NYN
(ER=1) (Efyox— D+ (Ex—1) (Bi +mpex—1)
+(Edyex—1) Ehyemp+x—1))

2
jad F (E%1+E;2+E§11+H2—3)

(1)

1 Ey,Ey,Eu, +n,
x (W+MNVN ). (12)
9
(H(EQ)+ Hy(Ey, +x) + Hy( By 4 1y4%)) = — N’ (13)

where P is a function of Ey, Ey,, Ey, +u, not defined
because it is not relevant for our present purpose.
Whereas (11) clarifies the meaning of A (its sign
should coincide with that of Ey, Ey,Ey, +n,), Suitable
estimation of B requires some observations. (a) The
first term of (12) depends on the sign of Ey Ey,En, +n,:
in particular, it should assume small values when that
sign is negative. This behaviour suggests that negative
triplets should be marked by large negative values of
(11) and small positive values of (12), so giving rise
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to strong corrections of the Cochran-Woolfson for-
mula. (b) If N is large enough and E}, + Eq, + Ehi, 4 u,
>3, the value of (12) is always positive. One should
then set the first term of (12) equal to zero when it
has been calculated negative. (¢) The estimation of
(13) involves Hermite polynomials of order four. The
values of these polynomials are also sensitive to ex-
perimental errors in the estimation of the |E|’s (see
Fig. 1). Furthermore, (13) does not contain any in-
formation on the sign of Ey, Ey,Ey, +u,. Its estimation
therefore may be omitted in the procedures for phase
solution, as much in the interest of simplification as
in the expectation that its effect will be negligible.

6. Strengthened X; relationship

From the joint probability distribution P(Ey, Ey, Fx,
EH+K1 EZH +K) we obtain

P [(Eh—1)Em]~05

[(Ef—1)Exm| (1+ £) ’

+0-5 tanh YN D

(14
where
C~2 3 (Ex—1) (Eix—1) (Edusx— /N,
K
D1+{2 > (Ex—1) (Ehix—1)
K
+(Efex—1) (Eduax— 1)
+ 2 (Ex—1) (E3usx—D}/N.
K
(14) is derived in Appendix B.

7. Experimental results

Four model structures (PT) have been used in order
to test (7). The first contains 35 atoms at random posi-
tions in the asymmetric unit (N=70); the second, third

Fig. 1. The Hermite polynomial of order four plotted in the
range of the observed |E]’s.
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and fourth structures contain 100, 200, 300 atoms in
the unit cell respectively. In Tables 1-4 the reliability
of (7) is compared with that of the Cochran—-Woolfson
relation (8): 2, relations were excluded from the cal-
culations. In accordance with the observations made
in § 5, the value of B is calculated omitting the Hermite
polynomials of order four. In the tables the number
of relations and the percentage of correct ones are
given along with the corresponding values of the ar-
guments of the hyperbolic tangent. As may be ob-
served, the percentages of correct relations calculated
by (7) are markedly better than the percentages ob-
tained by the Cochran—-Woolfson formula. Our ap-
proach seems then advisable in the more difficult struc-
tures where (8) may fail.

Table 1. Number of triplet relations (nr) and percentage
of correct relations for a 70-atom model structure

tanh Equation (8) Equation (7) Equation (15)
jarg| nr. % nr. % nr. %
06 1099 92:4 982 96-7 967 96-9
0-8 951 94-1 868 98-7 888 97-7
1-0 578 96-7 708 99-6 779 99-0
12 348 98-9 529 100 651 99-5
14 170 99-4 380 100 504 99-8
1-6 77 100 242 100 379 100
20 13 100 97 100 189 100
24 4 100 36 100 95 100
2-8 9 100 40 100
32 1 100 18 100
34 10 100

Table 2. Number of triplet relations (nr) and percentage
of correct relations for a 100-atom model structure

tanh Equation (8) Equation (7) Equation (15)

larg} nr. % nr. % nr. %
0-6 1319 92-1 1265 960 1242 96-4
0-8 1134 932 1086 98-0 1134 974
1-0 784 95-8 862 99-4 990 98:6
1-2 460 970 651 100 802 99-1
1-4 262 989 468 100 648 99-5
1-6 152 100 325 100 499 100
20 45 100 167 100 295 100
2:4 13 100 67 100 169 100
28 2 100 31 100 97 100
32 13 100 50 100
34 9 100 42 100
3-8 3 100 18 100

Table 3. Number of triplet relations (nr) and percentage
of correct relations for a 200-atom model structure

tanh Equation (8) Equation (7) Equation (15)

|larg| nr. % nr. % nr. %
0-6 1298 86-7 1092 90-6 1079 89-6
0-8 758 89-2 769 93-2 843 91-3
1-0 364 90-9 491 93-9 596 93-8
12 127 89-0 277 97-1 362 95-6
1-4 52 82-7 167 97-6 224 96-4
1-6 5 100 88 966 128 96-9
20 24 100 41 95-1
24 4 100 12 100
2:8 2 100 4 100
32 4 100
34 4 100
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Table 4. Number of triplet relations (nr) and percentage
of correct relations for a 300-atom model structure

tanh Equation (8) Equation (7) Equation (15)

larg| nr. % nr. % nr. %
0-6 885 860 710 90-8 733 90-0
0-8 668 91-5 566 94-3 625 92-8
1-0 333 89-5 416 96-6 475 954
1-2 130 90-0 268 97-8 331 98-2
1-4 55 100 170 97-1 229 97-8
1-6 9 100 92 97-8 150 98-0
2:0 50 100 61 100
2:4 22 100 36 100
2:8 11 100 16 100
32 5 100 1 100
34 4 100 1 100

8. A constrained formula

In order to define the sign of Ey,Ey,Ey, +u, (7) re-
quires the availability of a number of triples (Ex,
Ey, +x En, +n,+x)- The data shown in Tables 1-4 were
calculated by allowing K to vary over all the available
set of reflexions. 3055, 4617, 7799, 13921 independent
normalized structure factors constitute the sets of re-
flexions generated for the model structures with N=70,
100, 200, 300 respectively (see Table 5).

Table 5. Application of (7) and (15) to the four model
structures: some experimental data

Number of
independent
Number of reflexions
independent  available
reflexions for (15) Values of (16)Values of (16)
N used for (7) when «=0-8 when ¢=0-0 when a=0-8
70 3055 1604 0-327 0-651
100 4617 2365 0-296 0-632
200 7799 4035 0-324 0-558
300 13921 7319 0-396 0-578

In order to reduce computing time, a modification
of (7) would be desirable which permits the use of a
limited subset of the experimental data in obtaining
the sign of the triplets without too great a penalty. In
this connexion we observe that the more (Ekx—1)
(Efy+x—1) (Eyy+n,+x— 1) differs from zero the more
the triples Ex, Ey, x> En, +u,+x help (in a probabilistic
sense) in determining the sign of Ey Ey,Ey, +u,- There-
fore a basis for selecting a properly chosen subset of
data should be the requirement that, for each E,
EH1+K’ EH|+H2+K’

|E2—1]>0a.

The constrained probability value defined under these
conditions will be

P (Ey,Ex,Eny+n, | |[Eg—1]>a, |E%{1+K_ H>e,
IE%{1+H2+K—II>a)' (15)
It has been an empirical observation in this laboratory
that good accuracy in the determination of the signs

of the triplets may be obtained even when «>0-8.
Therefore (15) has been calculated when o=0-8 for all



972

the model structures: the outcome is shown in Tables
1-4. Under this condition the number of refiexions
available for (15) for each model structure is shown
in Table 5. From Tables 1-4 we deduce that the con-
strained formula improves the Cochran-Woolfson re-
lation even if it is a little worse than (7). Its use seems
advisable mostly when computer time must be saved
by the crystallographer. It should be emphasized that
(15) is not the only way of obtaining constrained for-
mula, i.e. in the M(D—KS) formula (3), which also
purports to be an improvement over (8), a different
constraint is suggested. However (3) and (15) [or (7)]
are well correlated: specifically, if K is such that the
|Ex| and |Ey, +k| are both large, then both (3) and (15)
yield positive or negative estimates for Ey Ey,En, +u,
according to whether |Ey,.u,.k| is mostly large or
mostly small, respectively. In order to simplify this
paper we will deal with this kind of theoretical aspect
in a following paper, where the non-centrosymmetric
case will be explored.

9. The limits of our approach

For a given structure (7) may improve (8) only mar-
ginally when the set of experimental data is confined
to very low scattering angles. In this case in fact the
average number of triples (|Exl|,|Eq,+xl,|Ex,+n,+x)
available for use in (7) for each triplet Ey,Ey,,
Ey, +n, Will not be large enough to improve the Coch-
ran-Woolfson relation significantly. An a posteriori
measure of this correction may be deduced from the

quantity

2 gyl / 2 Bupn,s (16)
Hj,Hy Hy,Hy

where the summation is to be taken over the set of

the estimated triplets.

In Table 5 we give the experimental values of (16)
for the four model structures when (7) and (15) are
calculated. In our experience, values of (16) greater
than or equal to 0-15 normally lead to notable gains
in reliability in comparison with the Cochran-Woolf-
son relation. So (7) should make the solution of a crys-
tal structure easier when the number of available re-
flexions (expanded to include all equivalent reflexions)
is larger than 40N.

A question arises: ‘(7) draws its advantage from the
fact that it is able to use the information contained in
all reciprocal space. Is then its effectiveness indepen-
dent of the structural complexity, provided a suffi-
ciently large number of reflexions is available
(~100 N)? An affirmative answer to the question
would require the following statement: ‘the effective-
ness of (7) is directly related to the value of (16). If
the number of available reflexions is large enough to
yield large values of (16), the effectiveness of (7) is
secured independently of the structural complexity’.
This statement has not in reality been verified.

We observe in this connexion: (@) in spite of the
values of (16), (7) is more effective in the model struc-
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tures with N=70, 100 rather than when N=200, 300,
and (b) the values of (16) arising from the use of (15)
are larger than the corresponding values obtained by
(7). In other words, in spite of the smaller number of
triples (| Exl,|En, +xls|Ex,y +1,+x|) checked by the con-
strained formula, the Cochran-Woolfson relation is
more severely modified by (15) than by (7). (7) never-
theless, is more reliable than (15).

A theoretical answer to the lack of effectiveness of
(7) as a function of the structural complexity may be
given in terms of the probability theory. As the atomic
coordinates were assumed in our approach to be in-
dependent random variables which are uniformly dis-
tributed, all the E factors involved in the distribution
can be themselves considered random variables. The
quantity (Ex—1) (Ef,+x—1) (Efi;+n,+x— 1) is then a
function of random variables whose conditional dis-
tribution, for fixed |Ey,|,|En,|,| En, + n,l, may be easily
derived from (A1). Also the quantity

=3 (BEx=1) Ehyox—1) Ehyempec—D)

is a function of random variables, for which we obtain
P [S(A)S(En,EnyEn, +1,)1 =05

|<A> . EHIEHzEﬂl + Hzl
NYN '

The left-hand side of (17) denotes the probability that
the sign of {4) coincide with that of the triplet. It is
evident from (7) that the more complex the structure
becomes, the smaller, in the average sense, is the prob-
ability of the sign coincidence between (4) and the
corresponding triplet.

In conclusion, (7) enlarges the range of the struc-
tures to which direct methods may be succesfully ap-
plied. (7) in fact is less sensitive than (8) to the struc-
tural complexity and to structural regularities, since
it makes use also of the information in all reciprocal
space. Its effectiveness nevertheless decreases with N:
the more complex the structure the less the values of
{A) are closely distributed around the corresponding
Ey,Eq,Eq, +u, values. In our opinion, structures with
up to 100 atoms in the asymmetric unit may in favour-
able conditions be solved routinely by (7) in a multi-
solution procedure.

+0-5 than

)

10. A procedure for the quadrupole methods

Burzlaff & Bshme (1975) recently described a formula
which is used to derive from the P, values of the
triplets which constitute quadrupoles an improved
probability value for a chosen triplet. The method
would be of great advantage in large structures if a
significant percentage of the negative triplets would
present input values of P, <0-50. Although (7) seems
more suitable than (8), the percentage of the triplets
defined to be negative by (7) is in general too small.
Furthermore, for a given structure we do not know
a priori the real percentage of negative triplets. How-
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ever from the triplet theory the expected value P, of
this percentage may be derived, whatever the structure
may be. The set of experimental G values provided by
(7) should then be modified in such a way as to yield
a percentage of negative triplets close to P,.

A simple way is to modify each value Gy, y, by a
quantity proportlonal to

QH], Hy ad —I/TV— |EH1EH2EH1 +Hzl (Al‘ll, Hz/BH', Hz)

so that the set of values
G;‘lx, H2= GH‘, Hy + QH], H20

yields a percentage of negative triplets close to P,.
This procedure, emphasizing the role of the terms
| Exl, | Enty +kl> | Eny + 1,4+ x|, may introduce errors in the
probability values. These errors may subsequently be
corrected by application of the quadrupole method.

The determination of the factor 8 is a trivial task if
P, is known. In its turn P, may be easily defined for a
given structure for any threshold value E; (only the
|E| > E; are used to obtain the >, relationships).

Let us denote by 2 the set of the couples (Ex,
Ey k) which (a) lie in the third quadrant of the plane
(Ex, Ey+x); (b) have moduli larger than E;; (c) form
triplets with a fixed H reflexion whose |E| is larger
than E,.

Then the integral (Giacovazzo, 1974)

_E’

—Es
I(EH,ES,N)=S S P(Ex, En 1 )4 ExdEuox

— o0

_ z [@™( !E)]z (VN)v

represents the population of the normalized structure
factors which belong to Q. & is the vth derivative of

1 k4
¢(x)= —1/727)'8 exp (—t2/2)dt .
In its turn
HEN)= s (2 ) S exp (—E%/2)
2 [95‘"’( E)J
x VZO—T!" ( VN) dE, (18)
B
.40} N=300
N=200 -
N=100—s
.30F
N = 50
20F
10F
Es
1 ) 3

Fig. 2. Percentage of negative triplets as a function of the
threshold value E..
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represents the population of the couples (Ex, Ey . ) be-
longing to 2 which form positive triplets with all the
Ey factors whose moduli lie in the range (E, oo).

The population of the couples belonging to £ which
form positive and negative triplets with all the Ey fac-
tors whose moduli lie in the range (E;,o0) is (Giaco-
vazzo, 1974)

1 [}
Ya(Eo N) = W‘)S exp (—E%/2)
[09(— E)P

(19)

X

v

i

(VN) [1—(1)’1dEg -

!

From (18) and (19) the expected percentage of the nega-
tive triplets when only the normalized structure fac-
tors with |E| > E; are used is

Pt(Es’N)::l—'Yl/Y2~

Owing to the fast convergence of the series involved,
Y, and Y, are easily computable. When the first eight
terms in the summations in Y; and Y, are calculated,
0-04 s should be consumed by an IBM 370/158 in or-
der to calculate P,. In Fig. 2 we have plotted some
curves, each corresponding to a single value of N. So,
for a structure with N=100, the expected percentage
of negative triplets when E,=2-2 is 0-03; this percent-
age increases to 0-15 when E;=1-60.

11. Conclusions

A probabilistic theory is described which may be used
to derive from the distribution P(Ey,,Ey,, En, + Hy
Ex, Ey, +x> Eny +u,+x) @ probability value for the sign
of Ey Ey,Ey, +n, The reliability of the sign indication
depends on a statistical moment of order

—1‘__ (i e. EH]EHZEHI +H2)
YN " VN ’
one or more moments of order

I/N {i.e. Z (EK—1) (EH1+K_1)

+(E2—1) (EH1+H2+K 1)

+(Ef, +x— D},

D (Bl vy +x—

one or more moments of order 1/NyN

[i.e Z (Ex—1) (Bhy+x—1) (Bl +mp+x— D]

The phase relations so stated markedly improve the
Cochran-Woolfson relation and seem especially suit-
able to the structures in which the latter relation fails.
The new formulae consume much more computing
time than the Cochran-Woolfson relation. Neverthe-
less new computing techniques such as that described
by Busetta & Comberton (1974) seem able to reduce
this disadvantage.
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APPENDIX A4
The Fourier transform of (6) gives
1
P(EDEZ, oo Eg)= T27)3

xexp [-HEI+E3+... +EH {1
1

+VN

(E\E,Es+ E\E\Es + EyEsEq+ EsE,Ey]
1
T 3IN [H(E)+H(Ey)+ ...+ Hy(Eg)]
1
+ N [E\EE Es+ E,ESE Es + E\ EyESEq]

1 2
+ 55 (BT =1) (E3—1) (E3-1)

+(EI-D (EF-1) (E3-1)

+(E3-1) (E3-1) (EE-1)

+(E3=1) (E3—1) (Ef— 1)+ 2(E} — 1)E,E;E E;

+2E,(E}—1)EyEsEs+ 2E,Ey(E2 — 1)E, E,

+2E,E,E(E:— 1)Ey+ 2E,E(E2 — ) EE,

+2E,E;E,E{(EZ—1)]

+ gy P ED A EDH(ED

+ Hy(E\)Hy(E) Hy(Es) + Ha(Ey) Hy(Es) Hy(E)

+ H3(E3)Hy(E) Hy(Es) + 3HA(Ey) (E3—1) (E5—1)

+ EyEs+ 3Hy(E)E,E5(EG—1) (E5—1)

+3(E}— 1) Hy(E,) (E3— 1) EsE;

+3E Hy(E)Ey(E5 - 1) (E5~1)

+3(E} 1) (E3— 1) Hy(E;)E4Es

+3E,E,Hy(E;) (E3—1) (E3—1)

+3(E} = 1) Ey(E;— 1)Hy(Es)Es

+3E(E3— 1)EHy(Es) (E3—1)

+3(Ei—1)E3Hy(Ey) (E3—1)Es

+3E(ES—-1)Hy(E)ES(ES—1)

+3(E3—1)E;E((E3— 1)Hy(Ey)

+3E,(E3-1) (E{—1)EsHy(Eq)

+6(EY—1) (E3— DEE(EZ—1)E,

+6(EF—1Ey(EF—1) (E3—1)EsE,

+6E(E3—1) (E3—1)E,ES(E}—1)

+6E\E,E(E5~1) (E3—1) (E3—1)]

__1
2Ny

+ Hy(E))E,Es+cyclic terms

+ H3(E,)EsE¢+ cyclic terms

+ Hy(E;)EE¢+ cyclic terms]

~ [Hy(E)E,Es + E\Hy(E})Es + E, E, Hy(E5)

1

+ N—V‘]"V
+E(E3—1) (E3— DEEs+(E}— 1) Ey(E;— 1) EsEq
+(E}~DENE}—1)EsEo+ E\E,Ef(E5—1) (E3—1)
+(E}=1)EE(ES~1)E+ E\(E}— 1)E,ES(EZ—1)
+(E3—1D)EsE(ES~1)E+ E\E,E(EZ—1) (E2—1)
+E\EE(ES—1) (EZ— 1)+ EX(E}— 1) (E3— 1)E;Es
+E\(E3—1)EE(EZ— 1))
_ 1

SNYN
+ Hy(E\)E,EsEs
+ Hy(E\)EsEyEg+ E\Hs(E)Es+ E\Hy(Ey) ELEs
+ Hs(Ey)EsEg+ Hy(Ey)E3E4Eg+ ELEy Hy(E3)
+ E\H(E3)EyEs+ E,Hy(E3) EsEg + Hs(E3) E4Eg
+ E\E,E;H(Ey) + E\Hy(E) Es + E, Hy(EQ) EsEg
+ E3Hy(E,)Es+ E\E, EyH (E5) + E E,Hs(Es)
+ EyHy(Es)Eg+ EsE,Hy(E5)Eg + E, E, Es H ((Ee)
+ E{EyEsH(Ee) + E,EsH(Eg)+ EE Hs(Eg)]} (A1)

(E3—1) (E3— DESELEs

(Hs(E)EEs+ Hs(E\)EEs

The conditional joint probability distribution P(E,, E,,
E; | E,, Es, E) is easily obtained from (41):

P(Eb EZ’ E3 I EM ESs EG)
B RQEI’ EZ, E39 E4s E49 ES’ E6)

- (42)
S S S P(EyEy, . . ., E)AE,AE,E; .

The denominator of (42), after some calculation, be-
comes

exp [~ HE}+ EE+ED)] (J2n)
x {1 = [H(Eq)+ Hy(Es)+ Hy(Eo)l/8N} .

1
[

Finally, we obtain the conditional expected value
(E\E2E; | Eg, Es, E)
+ o0
=\ BBEP@E BB | By B ENEQEQE,

1
1= [Hi(E,) + Hy(Es) + Hy(E))/8N
1
x| 1+ (B =1 E-D
+ (Bi=1) (B3= )+ (E3= 1) (E3-1)

(B 1) (B2 1)]
~ g7 [HA(ED +H4(Es>+H4(Eé)]} . (43)

Likewise
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<E§E§E§|E4s Es, E6>
1
 1—[H,(E)+H(E)+H, (Eo))/8N
X {1 —[Hy(E,)+ Hy(Es) + Hy(E)]/SN
+UEZ-1) (E3-D)+(Ef-1) (E2-1)
+ (E3-1) (E3—1)+4]/N} .

(44)

Since the conditional probability distribution of the
random variable R=F,E,E; may be expanded in a
Gram-Charlier series (Cramér, 1951), we may write

_(R—<R>2] +...

P(RIEM ES’ EG) = 20,2

1
e
where R is given by (43) and

o’=(E}E3E}|E,, Es, E¢)—(E,E,E;|E,, Es, Es)?

1
T T—[HJ(Ey) + Hy(Ey) + H{E)|SN

x {l ~[H(E)+ H(Es)+ Hy(Eo)|/8N
+ [(E3-1D) (E3-D)+(Ei-1) (E2-1)
+(E5—1) (EZ-1)+3)/N}.

(45)

For the sake of simplicity we have neglected in (45)
the 1/N? and higher-order terms arising in (E,E,E;|E,,
E, Eq)* and have employed also
{1 —[H(E})+ HEs)+ H(E()]/8N } 2
{1 —[Hy(Es) + Hy(Es)+ H(Hg))/8N } 1.

These approximations may occasionally result in some
error, but in practice are not critical.
As P, =(P_/P,+1)"!, we obtain

1

P, =%+ tanh VN |E\E,E5|

1

x o {1+ yE-DE-D E-
+ o [EI=1) (B3= 1) + (B3 1) (E2- 1)
+ (B=1) (E3-1))

— §lj\7 [H{E)+ H(Es)+ H(EW)]} , (46)

where
0=1+ TIV [(EZ—1) (E2— 1)+ (E2—1) (E2—1)
+ (Ei—-1) (E2-1)+3]
_ ’glN" [H{(E)+ HAEs) + Hy(Ey)] .

AC32A-4
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APPENDIX B

From the joint probability distribution P(Ey, Esy, Ex,
Ey i x, Esu 1 x) we obtain

(RY={(Ef— ) Ey|Ex, En 1 x, Emyx)=1/)yN
F{2E 1) (Bfax—1) (Edusx—1)
+ ExEon k(B v x — DI(EE — 1)+ (B34 x— 1)]
—[H(Ex) + Hy(En 4 x) + Ho(Ezn 1 x)]/8
F2EE 1) (BRax—D+2(Ed sk — 1) (Edusx— 1)
+(Eg—1) (Edusx—1)}/NYN, (B1)

0’ > (Ef— 1) Edu|Ex, Eu +x, Emix)
>2{1+3/2N—[H(Ex) + Hy(Eu 1)
+ Hy(En +x)]/8N
+2ExEpy 4 k[3 4 2(Ef 1 x— DI/N
+2[(Eg—1) (Ef+x—1)
+(Efhix—1) (E3uix—DI/N

+(E—1) (E3u,x—1)/N} . (B2)

As in Appendix 4, we calculate here the expression
for |R|(R)/o* In the numerator as well as in the
denominator of this expression a seminvariant appears
(i.e. ExEpy k) Whose sign is unknown. In the quartet
theory (Giacovazzo, 1975b) a similar effect occurred
(i.e. the seminvariant Ey,,Ey, . Ey,, appeared): we
showed in that paper that the sign of the seminvariant
does not affect too heavily the sign of the quartet. On
this ground it is easy to derive (14) from (B1) and (B2).
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On Maximal Subgroups with Increased Unit Cells
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According to Hermann [Z. Kristallogr. (1929), 69, 533] the crystallographic space groups G have two kinds
of maximal subgroups H, isotranslational (‘zellengleich’) and isoclass (‘klassengleich’), i.e. subgroups of
the same class but with different translation lattices. The maximal subgroups of index two are easily
found from the existing tabulations of magnetic space groups. The paper focuses mainly on isoclass
subgroups with increased unit cells. Also, a method is described for deriving directly from the crystal-
lographic space groups all maximal isoclass subgroups of index two and of index four with increased

unit cells.

Introduction

Hermann (1929) was first to distinguish between two
categories of maximal subgroups A of space groups G:
(a) subgroups H having the same translation lattice as
G (‘zellengleich’), (b) subgroups H having a different
translation lattice, but belonging to the same crystal
class as G (‘klassengleich’).

Subgroups of category (@) were first presented by
Hermann in Internationale Tabellen zur Bestimmung
von Kristallstrukturen (1935), so many crystallographers
will be familiar with them. Subgroups of category (b)
look more mysterious. It might even be surprising to
learn from this paper that maximal subgroups of cat-
egory (b) were first tabulated nearly 20 years ago al-
though in a form in which the fact is difficult to rec-
ognize. Indeed, we shall show in Part I that, with little
calculation, maximal subgroups of category (b) can be
read directly from the known tabulation of magnetic
space groups having an antitranslation element (Ope-
chowski & Guccione, 1965; Belov, Neronova & Smir-
nova, 1957; abbreviated OG and B respectively).

In Part II, we state the rules for deriving maximal
subgroups of category (b) directly from the crystal-
lographic space groups. The subgroups considered are
of index two and four.

Part I
I. 1. Definitions

Two cases are to be considered under category (b):
(b1) the subgroup H has an increased unit cell; this
case mainly will be considered here [for completeness
the other cases, (@) and (b2) are dealt with in the last
remarks of § I. 4.], (b2) the space group G is centred
while H has partly or wholly lost the centring, the case
for which the unit cells remain the same. In this respect
the wording ‘zellengleich’ for category (a) is not par-
ticularly satisfactory. We would recommend the ter-
minology ‘isotranslation’ and ‘isoclass’ subgroups for
‘zellengleich’ and ‘klassengleich’ respectively.

Let G be a group, H a subgroup of G, g an element
of G, but not contained in H. If

G=H+gH,

H is a maximal subgroup of index two of G.

(a) If G is a space group and g=(«|7,), a space group
element, where « is a rotation, 7, a translation, then
H is a subgroup of category (a).

(b) If G is a space group and g=(e|t;) where e is
the identity element and t; a (non-zero) lattice trans-
lation, not contained in H, then H is a subgroup of
category (b).

(1. 1)



